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THE MEAN CURVATURE FLOW APPROACH TO THE
SYMPLECTIC ISOTOPY PROBLEM
XIAOLI HAN, JIAYU LI
Abstract. Let M be a Ka¨hler-Einstein surface with positive scalar curvature. If
the initial surface is sufficiently close to a holomorphic curve, we show that the
mean curvature flow has a global solution and it converges to a holomorphic curve.
1. Introduction
It was conjectured by Tian [T] that every embedded orientable closed symplectic
surface in a compact Ka¨hler-Einstein surface is isotopic to a symplectic minimal
surface in a suitable sense. When Ka¨hler-Einstein surfaces are of positive scalar
curvature, this was proved for lower degrees by using pseudo-holomorphic curves (cf.
[ST], [Sh]). Since 1998, we have been trying to study Tian’s conjecture by using
the mean curvature flow (c.f. [CT], [CL1], [CL2]). The mean curvature flow was
introduced and intensively studied by Huisken ([H], [EH]).
The progress has been made during these years.
Suppose that M is a Ka¨hler-Einstein surface. Let ω be the symplectic form on M
and let J be a complex structure compatible with ω. The Riemannian metric 〈, 〉 on
M is defined by
〈U, V 〉 = ω(U, JV ).
For a compact oriented real surface Σ which is smoothly immersed in M , one defines,
following [CW], the ka¨hler angle α of Σ in M by
ω|Σ = cosαdµΣ
where dµΣ is the area element of Σ in the induced metric from 〈, 〉. We say that Σ is
a holomorphic curve if cosα ≡ 1, Σ is a Lagrangian surface if cosα ≡ 0 and Σ is a
symplectic surface if cosα > 0.
The evolution equation for the Ka¨hler angle was obtained in [CT] and [CL1] (also
see [Wa]). Let JΣt be an almost complex structure in a tubular neighborhood of Σt
on M with 

JΣte1 = e2
JΣte2 = −e1
JΣtv1 = v2
JΣtv2 = −v1.
(1.1)
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It is not difficult to check (c.f. [CL1]), with ∇ being the covariant derivative of the
metric 〈, 〉 on M , that
|∇JΣt|
2 = |h211 + h
1
12|
2 + |h221 + h
1
22|
2 + |h212 − h
1
11|
2 + |h222 − h
1
21|
2 ≥
1
2
|H|2.
(1.2)
Proposition 1.1. ([CL1], [CT]) Suppose that M is a Ka¨hler-Einstein surface with
scalar curvature R. Let α be the Ka¨hler angle of the surface Σt which evolves by the
mean curvature flow. Then
(
∂
∂t
−∆) cosα = |∇JΣt |
2 cosα +R sin2 α cosα (1.3)
where R is the scalar curvature of M .
One corollary of the evolution equation is that, if the initial surface is symplectic,
along the mean curvature flow, at every time t the surface is still symplectic.
It is proved in [CLT] that, if the scalar curvature of the Ka¨hler-Einstein surface is
positive and the mean curvature flow with initial surface symplectic exists globally,
it sub-converges to a holomorphic curve at infinity outside a finite set of points.
To study the global existence of the mean curvature flow with initial surface sym-
plectic, we ([CL1], [CL2]) derived a new monotonicity inequality and proved that the
tangent cone at the first blow-up time is flat which implies that there is no Type I
singularity (also see [Wa]).
In this paper we will show that, if the scalar curvature of the Ka¨hler-Einstein
surface is positive and the initial surface is sufficiently close to a holomorphic curve,
the mean curvature flow has a global solution and it converges to a holomorphic curve.
The main new point of this paper is the integral estimate of the Ka¨hler angle
∫
Σt
sin2 α
cosα
dµt ≤
∫
Σ0
sin2 α
cosα
dµ0 exp
−Rt,
which implies the estimation of the mean curvature vector on the time space,
∫ T
0
∫
Σt
|H|dµtdt ≤ (
∫
Σ0
sin2 α
cosα
dµ0)
1/2Area(Σ0)
1/2
1− exp−
R
2
.
Using the last inequality, we show that the parabolic density function at any time t
along the mean curvature can be dominated by the one at beginning, then our result
follows from White’s [W] regularity theorem.
The result in this paper gives more evidence that the program should be realized
in general.
2. The main result and its proof
We first derive an integral estimation of the Ka¨hler angle along the flow, which
yields an L2-estimation of the mean curvature vector on the time space.
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Proposition 2.1. Suppose that M is a Ka¨hler-Einstein surface with scalar curvature
R. Let α be the Ka¨hler angle of the surface Σt which evolves by the mean curvature
flow. Suppose that cosα(·, 0) has a positive lower bound. Then
∫
Σt
sin2 α
cosα
dµt ≤ C0 exp
−Rt
and ∫ t+1
t
∫
Σt
|H|2dµtdt ≤ C0 exp
−Rt
where C0 is a constant which depends only on the initial surface, C0 =
∫
Σ0
sin2 α
cosα
dµ0.
Proof: By applying the parabolic maximum principle to the evolution equation
(1.3), one concludes that cosα remains positive as long as the mean curvature flow
has a smooth solution, no matter R is positive, 0 or negative (c.f. [CT], [CL1], [Wa1]).
Moreover, we can obtain that
(
∂
∂t
−∆)
1
cosα
= −
1
cos2 α
(|∇JΣt |
2 cosα +R sin2 α cosα)−
2|∇ cosα|2
cos3 α
.
Because ω is closed, we can see that∫
Σt
cosαdµt =
∫
Σt
ω
is constant under the continuous deformation in t. In fact, for any t1 < t2, let
Ωt1,t2 = ∪t1≤t≤t2Σt be the body spread by Σt from t1 to t2, since ∂Σt1 = ∂Σt2 = ∅, by
Stokes theorem, one has ∫
Σt2
ω −
∫
Σt1
ω =
∫
Ωt1,t2
dω = 0.
We therefore have
∂
∂t
∫
Σt
sin2 α
cosα
dµt =
∂
∂t
∫
Σt
1
cosα
dµt =
∫
Σt
(
∂
∂t
−∆)
1
cosα
dµt −
∫
Σt
|H|2
cosα
dµt (2.1)
= −
∫
Σt
|∇J |2
cosα
dµt −
∫
Σt
R
sin2 α
cosα
dµt −
∫
Σ
|∇ cosα|2
cos3 α
dµt −
∫
Σt
|H|2
cosα
.
So,
∂
∂t
∫
Σt
sin2 α
cosα
dµt ≤ −R
∫
Σt
sin2 α
cosα
dµt.
It is easy to get that
∫
Σt
sin2 α
cosα
dµt ≤
∫
Σ0
sin2 α
cosα
dµ0 exp
−Rt
i,e, ∫
Σt
sin2 α
cosα
dµt ≤ C0 exp
−Rt .
From (2.1) we know that
∫
Σt
|H|2dµt ≤ −
∂
∂t
∫
Σt
sin2 α
cosα
dµt.
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Integrating the above inequality from t to t + 1 we obtain that
∫ t+1
t
∫
Σt
|H|2dµtdt ≤
∫
Σt
sin2 α
cosα
dµt −
∫
Σt+1
sin2 α
cosα
dµt
≤
∫
Σt
sin2 α
cosα
dµt ≤ C0 exp
−Rt .
This proves the proposition. Q.E.D.
We derive an L1-estimation of the mean curvature vector on the time space.
Proposition 2.2. Suppose that M is a Ka¨hler-Einstein surface with positive scalar
curvature R. Let α be the Ka¨hler angle of the surface Σt which evolves by the mean
curvature flow. Suppose that cosα(·, 0) has a positive lower bound. Then
∫ T
0
∫
Σt
|H|dµtdt ≤ (C0)
1/2Area(Σ0)
1/2
1− exp−
R
2
.
where the constant C0 is defined in Proposition 2.1.
Proof: We have
∫ T
0
∫
Σt
|H|dµtdt =
T−1∑
k=0
∫ k+1
k
∫
Σt
|H|dµtdt
≤
T−1∑
k=0
(
∫ k+1
k
∫
Σt
|H|2dµtdt)
1/2(
∫ k+1
k
areaΣt)
1/2
≤ Area(Σ0)
1/2
T−1∑
k=0
(
∫ k+1
k
∫
Σt
|H|2dµtdt)
1/2
≤ (C0)
1/2Area(Σ0)
1/2
T−1∑
k=0
exp−
Rk
2
≤ (C0)
1/2Area(Σ0)
1/2
1− exp −R
2
.
This proves the proposition. Q.E.D.
Let us recall White’s local regularity theorem.
Let H(X,X0, t) be the backward heat kernel on R
4. Define
ρ(X, t) = 4pi(t0 − t)H(X,X0, t) =
1
4pi(t0 − t)
exp(−
|X −X0|
2
4(t0 − t)
)
for t < t0. Let iM be the injective radius of M
4. We choose a cut off function
φ ∈ C∞0 (B2r(X0)) with φ ≡ 1 in Br(X0), where X0 ∈ M , 0 < 2r < iM . Choose a
normal coordinates in B2r(X0) and express F using the coordinates (F
1, F 2, F 3, F 4)
as a surface in R4. The parabolic density of the mean curvature flow is defined by
Φ(X0, t0, t) =
∫
Σt
φ(F )ρ(F, t)dµt.
The following local regularity theorem was proved by White [W] (Theorem 3.1 and
Theorem 4.1).
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Theorem 2.3. There is a positive constant ε0 > 0 such that if
Φ(X0, t0, t0 − r
2) ≤ 1 + ε0,
then the second fundamental form A(t) of Σt in M is bounded in B r
2
(X0), i.e.
sup
B r
2
×(t0−r2/4,t0]
|A| ≤ C,
where C is a positive constant depending only on M .
Remark 2.4. Since Σ0 is smooth, it is well known that
lim
r→0
∫
Σ0
φ(F )
1
4pir2
exp
|F−X0|
2
4r2 dµ0 = 1
for any X0 ∈ Σ0. So we can find sufficiently small r0 such that
∫
Σ0
φ(F )
1
4pir20
exp
|F−X0|
2
4r2
0 dµ0 ≤ 1 + ε0/2
for all X0 ∈M , where ε0 is constant in White’s Theorem.
Now we state and prove our main result in this paper.
Theorem 2.5. Suppose that M is a Ka¨hler-Einstein surface with positive scalar
curvature R. Let α be the Ka¨hler angle of the surface Σt which evolves by the mean
curvature flow. Then there exist sufficiently small constant ε1 such that if C0 ≤ ε1
and ε1/r
6
0 ≪ ε0, where C0 is defined in Proposition 2.1, r0 is defined in Remark (2.4)
and ε0 is constant in White’s theorem, the mean curvature flow with the initial surface
Σ0 exists globally and it converges to a holomorphic curve.
Proof: Fix any positive T . By the definition of Φ we have
Φ(X0, t, t− r
2) =
∫
Σ
t−r2
φ(F )
1
4pir2
exp−
|F−X0|
2
4r2 dµt−r2.
Differentiating this equation with respect to t we get that
∂
∂t
∫
Σt
φ(F )
1
4pir2
exp−
|F−X0|
2
4r2 dµt =
∫
Σt
▽φ ·H
1
4pir2
exp−
|F−X0|
2
4r2 dµt
−
∫
Σt
φ
8pir4
exp−
|F−X0|
2
4r2 〈F −X0, H〉dµt
−
∫
Σt
φ
4pir2
exp−
|F−X0|
2
4r2 |H|2dµt.
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Integrating the above equation from r2 to T we get that∫
Σ
T−r2
φ(F )
1
4pir2
exp−
|F−X0|
2
4r2 dµt −
∫
Σ0
φ(F )
1
4pir2
exp−
|F−X0|
2
4r2 dµ0
=
∫ T
r2
∫
Σt
▽φ ·H
1
4pir2
exp−
|F−X0|
2
4r2 dµt
−
∫ T
r2
∫
Σt
φ
8pir4
exp−
|F−X0|
2
4r2 〈F −X0, H〉dµt
−
∫ T
r2
∫
Σt
φ
4pir2
exp−
|F−X0|
2
4r2 |H|2dµt.
Set r = r0 then we get
∫
Σ
T−r2
0
φ(F )
1
4pir20
exp
−
|F−X0|
2
4r2
0 dµt ≤
∫
Σ0
φ(F )
1
4pir20
exp
−
|F−X0|
2
4r2
0 dµ0
+
∫ T
0
∫
Σt
| ▽ φ||H|
1
4pir20
exp
−
|F−X0|
2
4r2
0 dµt
−
∫ T
0
∫
Σt
φ
8pir40
exp
−
|F−X0|
2
4r2
0 |F −X0||H|dµt
−
∫ T
0
∫
Σt
φ
4pir20
exp
−
|F−X0|
2
4r2
0 |H|2dµt.
Using Remark (2.4), Proposition 2.1, Proposition 2.2 and note that | ▽ φ| ≤ C, we
obtain that
∫
Σ
T−r2
0
φ(F )
1
4pir20
exp
−
|F−X0|
2
4r2
0 dµt ≤ 1 + ε0/2 +
C
4pir20
(C0)
1/2Area(Σ0)
1/2
1− exp −R
2
+
1
8pir30
(C0)
1/2Area(Σ0)
1/2
1− exp −R
2
+
1
4pir20
C0
≤ 1 + ε0.
Applying White’s theorem we obtain an uniform estimate of the second fundamen-
tal form which implies the global existence and convergence of the mean curvature
flow. By Proposition 2.1 we can see that
∫
Σt
sin2 α
cosα
dµt ≤ C0 exp
−Rt .
Let t→∞ and note that R > 0, we get
∫
Σ∞
sin2 α
cosα
dµ∞ = 0.
It follows that cosα∞ = 1, that is Σ∞ is a holomorphic curve. This proves the
theorem. Q.E.D.
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